In this manuscript, the general FCNC-free and CP-violating pattern of quark-mass matrices in the 2HDM derived in our previous investigations is revised. This revised pattern is to be diagonalized analytically with no symmetries imposed. The unitary transformation matrices thus derived depend on only two parameters in each quark type and subsequently lead to a CKM matrix which depends on at most four parameters. The fitting of theoretically derived CKM elements and their corresponding empirical values are as good as O(10 −2 ) at tree-level. In a phenomenological way which imposes several fine-tuning parameters into the CKM matrix suitably, the fitting is further improved to O(10 −4 ). After the derivation, we find this hypothesis also applies to the Standard Model and even a model with three Higgs doublets. This will be a big progress in the derivation of a theoretical origin of CP violation.
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I. INTRODUCTION
In our previous investigations [1] [2] [3] , four FlavorChanging-Neutral Current (FCNC)-free patterns of quarkmass matrices in the Two-Higgs-Doublet Models (2HDMs) had been derived analytically with a special Hermitian condition firstly proposed in [4] .
In the first of such FCNC-free 2HDMs [1] , a S 3 symmetry was imposed among the three fermion generations. However, it solved only the FCNC problem in a 2HDM but not the problem of theoretical origin of CP violation. In a subsequent investigation following the same concept [3] , three additional such FCNC-free matrix pairs were discovered with residual S 2 symmetries between two of the three generations. The S 3 -symmetric pattern together with these three S 2 -symmetric patterns provide us a way to derive a complex Cabbibo-Kobayashi-Maskawa (CKM) matrix and thus breaks CP symmetry explicitly. But, the CKM elements thus derived have very different amplitudes to corresponding experimentally detected values. That drives us to a more general investigation without any symmetries and which is the subject to be studied in this manuscript.
In [3] , a general pattern for FCNC-free matrix pairs was derived by assuming the mass matrices are Hermitian of themselves. The Hermitian assumption reduced the number of parameters in a quark type from eighteen down to nine. Besides, it also led to a special Hermitian condition
which provided us four extra conditions among the parameters and further reduced the number of them down to five. In that manuscript we did not diagonalize the mass matrices directly to achieve analytical solutions since it seemed very difficult at that time. There, an assumption among A parameters, A = A 1 = A 2 = A 3 , were employed to simplify the pattern so as to achieve matrix pairs satisfying the Hermitian condition mentioned above. The matrix pairs * lingo@mail.nmns.edu.tw thus derived were found to possess residual S 2 symmetries between two of the three generations. That gave us totally four FCNC-free patterns and thus four corresponding U matrices so as to lead to several complex CKM matrices. But the derived CKM matrices do not fit the empirical values very well at that time.
However, if we remove the assumptions among A parameters and diagonalize the mass matrices revised directly, analytically derived mass eigenvalues and the corresponding U matrix are in fact achievable as to be shown in section II. It is amazing the general pattern of U matrices thus derived depends only on two of the five parameters in a quark type. That indicates the CKM matrix thus derived depends on at most four parameters. When fitting the derived CKM elements with corresponding empirical values, the largest deviation between them is only about O(10 −2 ) which is orders better than those derived in [3] .
In order to improve the fitting between the derived CKM elements and the empirical values further, some phenomenological fine-tuning parameters are imposed as to be shown in section III. In this way, the fittings are further improved to O(10 −4 ) which is as good as the experimental errors at present. However, the physical meaning of these fine-tunings is still obscure. That surely indicate the need of more efforts in our future researches.
After the derivation, we find this hypothesis not only applies to the 2HDM but also to the Standard Model and a model with three Higgs doublets. The applications of it on the Standard Model and the Three-Higgs-Doublet Model (3HDM) will be discussed in section IV. The section V will be devoted to the conclusions and discussions on the direction of our future investigations.
II. THE GENERAL PATTERN OF FCNC-FREE MASS MATRICES
As it was well known, CP symmetry can only be violated in the standard model (SM) of eletroweak interactions by ranking the Yukawa couplings between fermions and Higgs fields suitably to achieve complex CKM elements explicitly. However, for decades, no one knows how these couplings, or equivalently the elements of fermion-mass matrices, should be ranked to achieve such a matrix pattern since there are too many parameters in them to be diagonalized analytically. That induced the extension of SM with an extra Higgs doublet to break CP symmetry spontaneously [5] . But, the extra Higgs doublet not only failed to give an origin of CP violation, but also brought in an extra FCNC problem which arises when those two components M 1 and M 2 , which correspond to Higgs doublets Φ 1 and Φ 2 respectively, of a fermion mass matrix M = M 1 + M 2 are not diagonalized simultaneously.
However, the FCNC problem is theoretically solvable if one can find a matrix pair with which both M 1 and M 2 were diagonalized simultaneously. In our previous investigations [1, 2] , a S 3 Symmetry among three fermion generations was imposed to achieve the first such FCNC-free matrix pair. Subsequently, with an interesting condition between a pair of Hermitian matrices, a more general pattern of such FCNCfree matrix pairs were derived [3] and the S 3 -symmetric matrix pair was found to be included in it as a special case. In that manuscript, an assumption A = A 1 = A 2 = A 3 was imposed to simplify the matrix pattern and thus three more FCNC-free matrix pairs were achieved so as to bring in several complex CKM matrices. However, the assumption imposed there is in fact unnecessary since the matrix pair demonstrated there is analytically solvable.
In what follows, no symmetry will be imposed and the general pattern of such FCNC-free matrix pairs will be diagonalized analytically. Here, we will start the derivation with adoption of Eq.(5) in [3] as
The Hermitian condition
gives us four equations
which are Eq.(9)-(12) in [3] and will be used to reduce the number of parameters down to five in the followings.
With these four equations, one may replace four of the parameters with the others. Here we choose to keep A 3 , B 3 , C 3 , B 1 and B 2 while A 1 , A 2 , C 1 and C 2 are to be replaced by
The mass matrix M now becomes
Diagonalizing Eq. (7) analytically and directly, the mass eigenvalues will be given as
where
The eigenvectors or the U matrix which diagonalize Eq.(7) are given as
It is amazing that all elements of U are completely independent of three of those five parameters. They depend on the parameters x and y only! With Eq.(9), it's always possible for us to have U (u) for uptype quarks different from U (d) for down-type quarks if the parameters x and y have different values in different quark types. The CKM matrix thus derived can be given with the parameters in U (d) assigned to primed ones x ′ and y ′ as
The parameters p, q, r and s are amplitudes of corresponding CKM elements and δ 1 , δ 2 , δ 3 and δ 4 are phases. It is interesting that amplitudes |V ub | = |V cb | = |V td | = |V ts | = p predicted in Eq.(10) do not match the empirical values obviously. 
If we compare the derived CKM elements with empirical values in [6]
we will find some of the equations do not match Eq.(16) very well at tree level. 12) is absent. But, the difference between the lower bound of |V ud | and the upper bound of |V cs | is only about 0.00058 which is so small that we may attribute it as loop corrections rationally. However, the equations (13) and (14) are far beyond our expectation since they predict |V ub | = |V cb | = |V td | = |V ts | = p which are very different from the empirical values |V cb |/|V ub | = 11.5 and |V ts |/|V td | = 4.61. Such predictions deviate from the empirical values by an amount as large as O(10 −2 ) or about 0.01877.
However, the CKM elements derived in this section are already orders improved when compared to those derived in [3] . For example, |V ub |=2/3 was predicted in [3] . Obviously, the predictions are improved orders better than those in [3] .
III. A PHENOMENOLOGICAL IMPROVEMENT OF CKM MATRIX
As mentioned above, some theoretically derived CKM elements do not fit the empirical values perfectly at tree-level. However, the largest difference between them is only about 0.01877 for |V ub | and |V cb | if p = 0.02234. Thus, it is rational to consider such tiny deviations as contributions from loop corrections. However, at this stage we will not do such loop calculations directly. Instead, we would like to employ some fine-tuning parameters into V CK M to improve the fitting phenomenologically.
Considering the unitarity of V CK M , several parameters α, β, γ and α ′ are put into V CK M suitably as
Substituting the values in Eq.(16) into (17), one gets q = 0.99915 directly and p = 0.29149 with the unitary condition Substituting these parameters into Eq.(17), we will receive 
It coincides the empirical values as good as to O(10 −4 ) which is of the same order as experimental errors nowadays.
With these parameters, the next step is to test if there were in the parameters space of x, y, x ′ and y ′ sets of solutions satisfying the derived p, q, r and s values. Before that, we may take advantage of 
Consequently, the phases in V CK M can be rearranged as
Though this phenomenological modification of CKM matrix improves the fitting between theoretical predictions and experimentally detected values almost perfectly. However, the physical meaning of this fine-tuning is still obscure. It is instinctive that these tiny deviations may be attributed to high order loop corrections and the best way to solve this puzzle is to calculate them directly to see if they were in agreement with these amonuts. That will be a goal of our future studies.
IV. APPLICATION OF THE HYPOTHESIS ON THE STANDARD MODEL
In previous sections we studied the theoretical origin of CP violation in a model with two Higgs doublets. However, after the derivation we find this hypothesis also applies to the Standard Model which has only one Higgs doublet. If we have a way to derive a theoretical origin of CP violation in SM, why shall we bother to employ an extra Higgs doublet to bring us the FCNC trouble? In this section, we would like to demonstrate how the derivation can be applied to SM and even further to a 3HDM.
The most general pattern of a 3 × 3 matrix is given in [3] as
where A, B, C and D parameters are all real.
However, this pattern is not only true for 2HDMs, it is always true for any 3 × 3 matrix. If we extract a common factor
out from the matrix in Eq. (21), where Φ is the unique Higgs doublet in SM, Eq.(21) can be rewritten as
v are elements of the Yukawa coupling matrix Y.
If we assume M were a Hermitian matrix and spilt it into two real and imaginary components, these two components will have the same patterns as those in Eq.(1) and they are respectively Hermitian, too. Thus, the Hermitian condition
= 0 and subsequent derivations in this manuscript all apply to them as well. In this manuscript we not only solve the FCNC and CP problems in a 2HDM but also find the way to derive a theoretical origin of CP violation in the Standard Model.
Besides the application on SM, the M matrix in Eq.(7) can be further split into three components corresponding to parameters A, B and C respectively as
If we assign these three components to different Higgs doublets respectively, all of them will be diagonalized by the same U matrix simultaneously. That means even if we have three Higgs doublets, we can still annihilate the FCNC problem radically at tree-level.
V. CONCLUSIONS AND DISCUSSIONS
In this manuscript, the general CP-violating and FCNCfree pattern of quark-mass matrices in the 2HDM is derived as in Eq.(7) with the assumption of a Hermitian M matrix. Unlike our previous investigations, the mass eigenvalues and eigenvectors are derived directly in this manuscript and the U matrix thus derived is found to depend on only two parameters. Multiplying U (u) which depends only on parameters x and y and U (d) † which depends only on parameters x ′ and y ′ together, a general CKM matrix is derived in Eq.(10) with elements given in Eq. (11)-(15) . The fitting between the theoretically derived CKM elements with corresponding empirical values are as good as O(10 −2 ) which is orders improved than those given in our previous investigations [3] .
Furthermore, a phenomenological way is imposed to improve the fitting by putting some fine-tuning parameters into the CKM matrix suitably. That improves the fitting to as good as O(10 −4 ) which is of the same order of present experimental errors. However, the physical meaning of this fine-tuning is still obscure. Theoretically the best way to examine it is to do loop calculations to see if they agree with these fine-tunings. That will be an important goal of our future researches.
After the derivation of such a CP-violating and FCNC-free 2HDM, we find the derivations also apply to the Standard Model if the M matrix is suitably rewritten as in Eq.(22) . Thus, the extra Higgs doublet which leads to the FCNC problem is in fact unnecessary for generating CP violations.
Besides the 2HDM and SM, this pattern also applies to a model with three Higgs doublets. As shown in Eq.(23), the M matrix can be divided into three components which correspond to parameters A, B and C, respectively. All these three components can be diagonalized by the same U matrix simultaneously. Thus, even if we have a 3HDM, there are still ways to forbid the appearance of FCNCs at tree-level completely.
In the future, examining the physical meaning of the finetunings with loop corrections is a main goal of our coming researches. Besides, since during the process of the derivation we find the CP strength is not always the same, it hints a possibility that our universe may had experienced different CP strengths at different stages in its history. That may hint an explanation of why the matter-antimatter imbalance we see nowadays cannot be accounted for by the presently detected CP strength. That is also a goal of our future investigations.
